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/■""•) Abstract. Let X be a smooth, complete, connected submanifold of dimension n < N in a 

^vj ■ complex affine space A N (C), and r is the rank of its Gauss map 7, ~f(x) = T X (X). The authors 

prove that if 2 < r < n — 1,7V — ra>2, and in the pencil of the second fundamental forms of 
X, there are two forms defining a regular pencil all eigenvalues of which are distinct, then the 
submanifold X is a cylinder with (n — r)-dimensional plane generators erected over a smooth, 
complete, connected submanifold Y of rank r and dimension r. This result is an affine analogue 
of the Hartman-Nirenberg cylinder theorem proved for X C R n+1 and r = 1. For n > 4 and 
r = n — 1, there exist complete connected submanifolds X C A N (<C) that are not cylinders. 
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1. The Hartman-Nirenberg cylinder theorem. The Hartman-Nirenberg 
cylinder theorem in an (n + l)-dimensional Euclidean space R n+1 was first proved 
in H. This theorem states: 

Let S : M — > R n+1 be a connected, C 2 , orientable hypersurface in an (n + 1)- 
£C) • dimensional space R n+1 . If S is of constant zero curvature, then it is an (n — 1)- 

cylinder (i.e., an n-dimensional cylinder with (n — 1)- dimensional generators erected 
over a curve) in the sense that S has a parametrization (in the large) of the form 

£}: 

(1) v = v(x) = Y^ ajX j + b{x n ) for all x = (x l , . . . , x n ), 

o ■ l=1 

o 






where ax,... ,a„_i are constant vectors in R n+1 , b(x n ) is a vector-valued func- 
tion of a variable x n of class C 2 in R n+l , and 3%, . . . ,a„_i, db/dx n is a set of 
Sorthonormal vectors. 
In the proof of this theorem, the authors first proved that the vanishing of the 
J> , Gaussian curvature implies that the rank r(x) of the Gaussian map of S does not 

J^j ■ exceed one, r(x) < 1. If r(x) = 0, then S is a hyperplane. In the case r(x) = 1, S 

rS I is an {n — l)-cy finder which can be parametrized as indicated in equation (1). 

C^ ■ The proof of this theorem in is based on the lemma on the constancy of a 

certain unique (n — l)-plane from the paper |6fl of Chern and Lashof. Sternberg 



19 J called this lemma Lemma of Chern-Lashof-Hartman-Nirenberg. A projective 
analogue of this lemma is in J2|, Theorem 4.1 (see also ||, Theorem 1). 

Note that in and [Q, the authors obtain an (n — l)-cylinder, i.e., a cylinder 
in R n+1 with (n— l)-dimensional plane generators erected over a curve. The reason 
that they did not get an (n— r)-cylinder, i.e., an n-dimensional cylinder in R n+1 with 
(n — r)-dimensional plane generators erected over an r-dimensional submanifold, 
where r = 1, . . . , n — 1, is that their theorem hypotheses imply that the rank r(x) 
of the Gaussian map of S does nor exceed one. 

The authors noted in |7J]: "A similar result under weaker differentiability hy- 
potheses has been stated for n = 2 by Pogorelov" (see [[16] and JlTJ]). For i? 3 , the 
results of were developed further by Stocker (see Q and 21 ). 



In recent papers (see for example, g and Q) the authors state the Hartman- 
Nirenberg cylinder theorem by saying that "a properly embedded developable hy- 
persurface in R n+l of rank (7) < 1 is necessarily a cylinder". A similar result is 
known for a complex Euclidean space C n+1 (see |jl|; see also the survey ||). 

The authors would like to thank Professor Go-o Ishikawa for very useful discus- 
sions in the process of writing this paper. We also would like to thank J. Piontkowski 
who indicated an inaccuracy in the first version of our paper. 

2. An affine analogue of the Hartman-Nirenberg cylinder theorem. 
The Hartman-Nirenberg cylinder theorem is of affine nature. In fact, the notion of 
a cylinder appearing in the theorem conclusion is an affine notion. As to the theorem 
hypotheses, although the notion of the Gaussian curvature is not affine, the notion 
of the rank r of the Gauss map, which is fundamental in the proof of this theorem 
and whose boundedness, r(x) < 1, is implied by the vanishing of the Gaussian 
curvature, is even of projective nature. This is a reason that it is interesting to 
consider an affine analogue of the Hartman-Nirenberg cylinder theorem. 

We recall that an /-cylinder X in an affine space A N over the field of com- 
plex or real numbers is defined as a smooth n-dimensional submanifold bearing 
/-dimensional plane generators, I < n, which are parallel one to another. An l- 
cylinder is a tangentially degenerate submanifold of rank r = n — I. In an affine 
space A , N > n, an /-cylinder can be defined by a parametric equation 

1 

(2) $(y\ . . . ,y n ) = j>y + t(y l+1 ' ■ ■ ■ >*")- 

where Oj are constant vectors in A N and b(y l+1 , . . . , y n ) is a vector- valued function 
of r = n — I variables defining in A N a director variety Y of the cylinder X , and 
the vectors Uj and b p — -^ are linearly independent. 

The aim of this paper is to prove the following affine analogue of the Hartman- 
Nirenberg cylinder theorem. 

Theorem 1. Let X n be a smooth, complete, connected submanifold of constant 
rank r, 2 < r < n— 1, in a complex affine space A (C), N — n > 2. Suppose that 
in the pencil of the second fundamental forms of X , there are two forms defining 
a regular pencil all eigenvalues of which are distinct. Then the submanifold X is a 
cylinder with l-dimensional plane generators, I = n — r > 2, and an r-dimensional 
tangentially nondegenerate director variety Y . In A N (C) such a cylinder can be 
defined by parametric eguation (2). 

We recall that the eigenvalues of a pencil of quadratic forms defined by the forms 

0' = b' pq 6P6" and 0" = b'^ q 0P0" 

are determined by the characteristic equation 

det(b'; q + Xb' pq ) = 0. 

Note also that if a submanifold X c A N (C) is smooth (i.e., differentiable), then 
it is complex-analytic, and in particular, it is twice differentiable. 

Note that the condition N — n > 2 in our cylinder theorem is essential since if 
N — n = 1, in the space A n+1 (C), there exist complete, connected, complex-analytic 
hypersurfaces X n of rank r < n without singularities that are not cylinders. An 
example of such hypersurface X 3 in the space A 4 (C) was considered by Sackstcdcr 



in j JL8| . An algebraic ruled noncylindrical hypersurface without singularities in 
A A (<C) was constructed by Bourgain and published by Wu E2| (see also m and |)|]). 
This example was studied in detail in Q. 

Note that an afhne cylinder theorem in other formulations was presented in the 
paper Q by Nomizu and Pinkall (see also the book |1J) and in the papers fll2[ ], 
|l3[ , and flj] by Opozda. Their affine cylinder theorems give sufficient conditions 
for a hypersurface (i.e., a submanifold of codimension one) X in A n+1 to be a 
cylinder erected over a curve with (n — l)-dimensional plane generators. Our affine 
cylinder theorem gives sufficient conditions for a submanifold X of any codimension 
and any rank r, 2 < r < n — 1, in A N , N — n > 2, to be a cylinder erected over a 
submanifold of dimension r and rank r with (n — r)-dimensional plane generators. 
In a recent paper Jig ], Piontkowski considered in P N complete varieties with de- 
generate Gauss maps with rank equal 2 or 3 or 4 and with all singularities located 
at a hyperplane at infinity. In particular, as an extreme case, he obtained an affine 
cylinder theorem for varieties of rank 1 and any codimension. So, our affine cylinder 
theorem for submanifolds of codimension greater than 2 and rank r > 2 comple- 
ments substantially all previously known affine cylinder theorems which were for 
hypersurfaces of rank 1 . 

Theorem 1 is a simple consequence of a certain structure theorem (Lemma 2) 
which is of projective nature (see ||, where one can also find other structure the- 
orems for submanifolds with degenerate Gauss map). In order to present this 
theorem, we need to introduce some notions and notations. 

3. Basic equations and focal images. An n-dimensional submanifold X of 
a projective space P N (C) is called tangentially degenerate if the rank of its Gauss 
mapping 7 : X — » G{n, N) is less than n, r — rank 7 < n. Here x G X, j(x) = 
T X (X), and T X (X) is the tangent subspace to X at x considered as an n-dimensional 
projective space P n (C). The number r is also called the rank of A, r — rank X. 
We assume that the rank r is constant on the submanifold X. 

Denote by L a leaf of this map, L = r )~ l (T x ) C X. It is easy to prove that a 
leave L of the Gauss map 7 is a subspace of P N (C), dimL = n — r = I or its open 
part (see for example, H, p. 115, Theorem 4.1). 

The foliation on X with leaves L is called the Monge-Ampere foliation. As we 
did in |S|, in this paper we extend the leaves of the Monge-Ampere foliation to 
a projective space P l (C) assuming that L ~ P l (C) is a plane generator of the 
submanifold X. In this sense the submanifold X is complete. As a result, we have 
X = f(P l (C) x M r ), where M r is a complex variety of parameters, and / is a 
differentiable map / : P l (C) x M r — > P N (C). The Monge-Ampere foliation is 
locally trivial but, as we will see later, its leaves L can have singularities. 

In P N (C), we consider a manifold of projective frames {Ao, Ai, . . . , A^}. On 
this manifold 

(3) dA u =ulA v , u,«,= 0,l,...,JV, 

where the sum uf^ = 0. The 1-forms io v n are linearly expressed in terms of the 
differentials of parameters of the group of projective transformations of the space 
P N (C). These 1-forms satisfy the structure equations 

(4) <K=uCAu£ 

of the space P N (C) (see, for example, |j, p. 19). Equations (4) are the conditions 
of complete integrability of equations (3). 



Consider a tangentially degenerate submanifold X C P N (C), dimX = n, rank X 
r < n. In addition, as above, let L be a plane generator of the manifold X, dim L = 
I = n — r; let Ti,, dimTj, = n, be the tangent subspace to X along the generator L, 
and let M be a base manifold for X, dimM = r. Denote by 9 P , p = I + 1, . . . , n, 
basis forms on the variety M . These forms satisfy the structure equations 



(5) d9 p =6 q A0 p q , p,q = l + l, 



. n. 



of the variety M. Here 9 P are 1-forms defining transformations of first-order frames 
on M. 

For a point x£l, we have dx G T^. With X , we associate a bundle of projective 
frames {Ai, A p , A a } such that Ai <E L, % = 0, 1, . . . , I; A p e Tl, p = I + 1, . . . , n. 
Then 

\ cL4 p = ujpA, + ^A g + ^A Q , a = n + 1, . . . , N. 
It follows from the first equation of (6) that 

(7) w? = 0. 

Since for 9 P = the subspaces L and Tj, are fixed, we have 

(8) wf = ^, u£ = &£,*«. 

Since the manifold of leaves L C X depends on r essential parameters, the 
rank of the system of 1-forms ui p is equal to r, rank (wf ) = r. Similarly, we have 
rank (u>") = r. 

Denote by Cj and B a the r x r matrices occurring in equations (8): 

a = ( c p qi ), B a = (b a qp ). 

These matrices are defined in a second-order neighborhood of the submanifold X. 
Exterior differentiation of equations (7) by means of structure equations (4) leads 
to the exterior quadratic equations 

UJ* A wf = 0. 

Substituting expansions (8) into the last equations, we find that 

(9) b a c s • = b a c 8 - 

Equations (7), (8), and (9) are called the basic equations in the theory of tangentially 
degenerate submanifolds. 

Relations (9) can be written in the matrix form 

(B a af = (B a C t ), 

i.e., the matrices 

Hf = B a C t = (b« s c s pi ) 

are symmetric. 

Let x = x l Ai be an arbitrary point of a leaf L. For such a point we have 

dx = (dx { + tfufiAi + x^fAp. 

It follows that 

dx = {A p c p qi x l )9 q (mod L). 



The tangent subspace T x to the manifold X at a point x is defined by the points 
Ai and 

A q (x) — A p c qi x , 

and therefore T x C Tl- 

A point a; is a regular point of a leaf L if T x = Tl- The regular points are 
determined by the condition 

(10) J{x) = det(c^) jt 0. 

If J(x) = at a point x, then T x is a proper subspace of Tl, and a point x is said 
to be a singular point of a leaf L. 

The determinant (10) is the Jacobian of the map / : P l x M r — ► P^. The 
singular points of a leaf i are determined by the condition J(x) =0. In a leaf 
L, they form an algebraic submanifold of dimension I — 1 and degree r. This 
hypersurface (in L) is called the focus hypersurface and is denoted by Fl- By (10), 
the equations J(x) = of the focus hypersurface in the plane generator L of the 
manifold X can be written as 

(11) det(c>') = 0. 
For the point x = x l Ai G L, by (6) we have 

d 2 x = A a b< q t s c s pi x l 6' p 6 q (mod T L ). 

Thus, the points 

A — A h a r s t 1 A — A 

sipq - rL c^ u qs pi ' PQ QP> 

together with the points Ai and A p define the osculating subspace T X (X). Its 
dimension is 

dim T x (X) = n + m, 
where m is the number of linearly independent points among the points A pq , m < 
min{ r ^ ' , A^ — n}. But since at a regular point x £ L condition (10) holds, the 
number m is the number of linearly independent points among the points 

A — A h a 

PI ~ -^aUpq. 

Hence, the osculating subspace T^(X) is the same for all regular points x £ L, and 
we denote it by T|(X). 

We further assume that the point Aq is a regular point of the generator L. Then 
equation (10) implies that det(c^ ) ^ 0, and the 1-forms ujP = (? qa Q q are linearly 
independent. Thus, they can be taken as basis forms of the manifold M r ', i.e., we 
can set Wq = 6 P . Then the matrix Co = (c?o) becomes the identity matrix, c? = S p 
This and equations (9) imply that 

b a = b a 

pq qp ' 

i.e., the matrices B a become symmetric. 

The number m coincides with the number of linearly independent matrices B a = 
(b pq ) and with the number of linearly independent second fundamental forms 

ia ia p q 
<P ^bpq^O- 

of the submanifold X at its regular point Aq. 

4. Decomposition of the focus hypersurface Fl- We prove now the 

following lemma; 



Lemma 1. Suppose that m > 2, and in the pencil of the second fundamental forms 
£,u4> a of X, there are two forms <f>' and <f>" defining a regular pencil, and all eigen- 
values X p ,p = I + 1, . . . , n, of this pencil defined by the characteristic equation 

(12) det(b'; q + Xb' pq ) = 

are distinct. Then all the matrices Ci = (cL) can be diagonalized simultaneously 
with the matrices B' = (&' ) and B" — (b'' q ). 

Proof. In fact, by the lemma condition, the matrices B' and B" can be simulta- 
neously diagonalized: 

(13) B' = (b' pp ), B" = (*&,). 
Since all roots of equation (12) are distinct, then 

pp n 
Consider now equations (9). By (13), equations (9) take the form 

(1 X\ h' r q — h' r p h" r q — h" r p 

V itJ / "qq^pa "pp^qai u qq^pa u pp^qa' 

where a = 1, . . . , I. But by the inequality (14), equations (15) imply that 

(16) cP qa = 0, p^q. 

Since in addition, we have Co = (#?), each of the matrices C, has a diagonal form. 

Lemma 1 implies the following corollary. 

Corollary. Under the conditions of Lemma 1, the focus hypersurface Fl of its 
generator L decomposes into r hyperplanes defined by the equations 

(17) x o + Cp - a x a = 0, a = l,...,l, 

where there is no summation over p. 

In fact, by Lemma 1, the matrices Co and C Q can be simultaneously diagonalized, 
and Co = (#?)■ As a result, equation (11) of the focus hypersurface Fl takes the 
form 

a 

(18) [] (x° + ($ i x i )=0- 

p=l+l 

Therefore, the hypersurface Fl decomposes into r hyperplanes (17). 

We can reformulate Lemma 1 in geometric terms by using the notion of the 
focus hypercone <I>l formed by singular tangent hyperplanes of the submanifold 
X containing the tangent subspace Tj,. The hypercone <&l is determined by the 
equations 

det^ a b; q ) = 
(see g], p. 119, or ||). The new formulation of Lemma 1 is: 

If m > 2, and the focus hypercone $l does not have multiple components, then 
the focus hypersurface Ft, of its generator L decomposes into r hyperplanes F p lying 
in L. 

5. Sufficient conditions for X to be a cone. Lemma 1 allows us to prove the 
following lemma giving sufficient conditions for a submanifold X with a degenerate 
Gauss map to be a cone. 

Lemma 2. Suppose that a tangentially degenerate submanifold X satisfies the fol- 
lowing conditions: 



(i) The conditions of Lemma 1. 
(ii) r > 2. 

(iii) All hyperplanes F p , into which by Lemma 1 the focus hypersurface Ft, decom- 
poses, coincide. 

Then the submanifold X is a cone with (I — 1)- dimensional vertex and I -dimensional 
plane generators. 

Proof. In fact, if all hyperplanes F p defined by equations (17) coincide, then by 
placing the points A bl b = 1, . . . , I, of our moving frame into this hypcrplane, we 
reduce the equation of this hyperplane to the form x° = 0. As a result, all the 
coefficients c?^ vanish. Since we also have conditions (16), it follows that 

Cqa = °> a=l,... ,1, 

for all p, q = I + 1, . . . , n. Now equations (8) imply that 

(19) luP = 0. 

Taking exterior derivatives of equations (19), we obtain 

u£Awg = 0. 

Since the forms Wq are linearly independent (they are basis forms of the variety 
M r ) and r > 2, it follows that 

(20) W ° = 0. 
Equations (18) and (19) imply that 

dA b = io c b A c , 

i.e., the (I — l)-plane A\ A . . . A Ai is constant. Thus, the submanifold X is a cone 
with (I — l)-dimensional vertex. 

6. Proof of Theorem 1. We have a submanifold X n of dimension n and 
rank r, rank X — r, without singularities in an affine space A N (C), N — n > 2. 

Thus all singular points of X are located at a hyperplane at infinity P^" 1 C A = 

A N UP N-1_ 

Now for r > 2, we can apply Lemma 2. The cones in P N (C) are projectively 
equivalent to the cylinders X n C A N (C): a cylinder X n c A N (C) is obtained from 
a cone X n C P N (C) by means of a projective transformation sending the cone 
vertex F, dim F = I — 1, into P^ 1 C A N (C). The director variety Y, dimY" = 
rank Y = r, of the cylinder X™ lies in the proper subspace T, dim T = N — I; T is 
complementary to F. Thus, by Lemma 2, X" is an (n — r)-cylinder erected over an 
r-dimensional submanifold (a director variety) Y and having (n — r)-dimcnsional 
plane generators. 
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